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The r e l a t i o n s h i p  be tween  the p r e s s u r e  g r a d i e n t  and the t angen t i a l  s t r e s s  a t  the wal l  of the 
tube and a t  the i n t e r f a c e  is  e s t a b l i s h e d .  The t a n g e n t i a l  s t r e s s  i s  found e x p e r i m e n t a l l y  a s  
a funct ion  of the  R e y n o l d s  n u m b e r s  of the two p h a s e s .  

Many t e c h n o l o g i c a l  p r o c e s s e s  involve  hea t  and m a s s  t r a n s f e r  in t u r b u l e n t  f i l m s  mov ing  a long  with a 
g a s .  H y d r o d y n a m i c  and t h e r m a l  c a l c u l a t i o n s  for  such f lows r e q u i r e  knowledge  of e i t h e r  the v e l o c i t y  f ie ld  
or  the h y d r a u l i c  d r a g  l aw .  In e i t h e r  c a s e  i t  i s  n e c e s s a r y  to know the t angen t i a l  s t r e s s  a t  the wa l l  and a t  
the  i n t e r f a c e .  T h e r e  has  not  been  an adequa t e  s tudy  of th i s  top ic  fo r  a n n u l a r  t w 0 - p h a s e  f i l m  f l o w s .  A 
c o m p l e t e  a n a l y t i c  d e s c r i p t i o n  of such f lows is  e x t r e m e l y  d i f f icu l t ;  in p a r t i c u l a r ,  i t  i s  no t  p o s s i b l e  to  a n a l y -  
t i c a l l y  c a l c u l a t e  the f r i c t i o n a l  s t r e s s  a t  the i n t e r f a c e ,  s i n c e  the i n t e r a c t i o n  be tw e e n  the l iquid  f i l m  and the 
g a s  l e a d s  to an  i r r e g u l a r ,  wavy i n t e r f a c e ,  which we do not  u n d e r s t a n d  w e l l .  T h e r e  a r e  a l s o  def in i t e  d i f -  
f i c u l t i e s  in d i r e c t l y  m e a s u r i n g  the t angen t i a l  s t r e s s  in a t w o - p h a s e  f low.  A m o r e  conven ien t  way  to d e t e r -  
m i n e  the t angen t i a l  s t r e s s  i s  to c a l c u l a t e  i t  f r o m  the m e a s u r e d  p r e s s u r e  g r a d i e n t .  Th is  a p p r o a c h  r e q u i r e s  
c a l c u l a t i o n  of the r e l a t i o n s h i p  be tween  the p r e s s u r e  g r a d i e n t  and the t angen t i a l  s t r e s s  a t  the wal l  and a t  
the  s u r f a c e  of the f i l m .  

A x i s y m m e t r i c  f low of a t u r b u l e n t  f i l m  and a gas  in a v e r t i c a l  tube can be d e s c r i b e d  by  [i ,  2] 

oP (R - -  e) + 0 - -  0-~ ~ [(R - -  e) xi] q- [(2 - -  i) 9~ - - ( - -  1)l- i92]g(R - - e )  = o. <z) 

To save  s p a c e  E q .  (1) is  w r i t t e n  for  both  the l iquid  (i =1) and the gas  (i =2 ) .  

The b o u n d a r y  cond i t ions  on (1) a r e  

T i ~-- 1: o at e = 0 and T i ~--- T 6 at 8 : 6. (2) 

I f  we w r i t e  (1) foi" the l iquid  componen t  (i =1) and i n t e g r a t e  i t  over  e f r o m  0 to 5, and then  w r i t e  E q ,  
(1) fo r  the gas  c o m p o n e n t  {i =2) and i n t e g r a t e  i t  ove r  e f r o m  6 to R ,  then  by  c o m b i n i n g  the r e s u l t s  we find a 
r e l a t i o n s h i p  be tween  the p r e s s u r e  g r a d i e n t  and the t a nge n t i a l  s t r e s s  a t  the  wal l  and a t  the i n t e r f a c e :  

R 0t 9 2R - -  8 6) ~ 
~ 0  - + (p~ - -  p~) g6 - -  + P2g (R - -  (3) 

2 Ox 2R 2R ' 

~ = P2g - -  -0-xx " (4) 2 

To d e t e r m i n e  the t angen t i a l  s t r e s s  f r o m  E q s .  (3) and (4), we need e x p e r i m e n t a l  da ta  on the p r e s s u r e  
g r a d i e n t s  and f i l m  t h i c k n e s s e s .  E x p e r i m e n t s  have  been  r e p o r t e d  [3] on the p r e s s u r e  d r o p s  for  v a r i o u s  
r e g i m e s  of an  a n n u l a r ,  d e s c e n d i n g  a i r - w a t e r  f low in a tube 30 m m  i n d i a m e t e r  and 2380 m m  long .  The 
p r e s s u r e  was  s a m p l e d  a t  f ive  p o i n t s  a long  the length  of the  t ube .  In the s a m e  r e g i o n s  an  e l e c t r i c a l - c o n t a c t  

Virmitsa  P o l y t e c h n i c a l  I n s t i t u t e .  K iev  T e c h n o l o g i c a l  I n s t i t u t e  of the  Food  I n d u s t r y .  T r a n s l a t e d  f r o m  
I n z h e n e r n o - F i z i e h e s k i i  Z h u r n a l ,  Vol .  28, No.  6, pp .  1050-1054,  June ,  1975. Or ig ina l  a r t i c l e  s u b m i t t e d  
June  11, 1974.  

019 76 Plenum Publishing Corporation, 22 7 West 17th Street, New York, N. Y. 10011. No part of  this publication may be reproduced, 
stored in a retrieval system, or transmitted, in any form or by any means, electronic, mechanical, photocopying, microfilming, 
recording or otherwise, without written permission of  the publisher. A copy o f  this article is available from the publisher for $15.00. 

753 



8 ~ 

6 �84 

I 

Fig,  1 Fig. 2 

Fig.  1. Dimensionless  frict ional s t r e s s  at the wall as a function of 
the Reynolds number of the gas.  1) Re i =4000; 2) 8000; 3} 12,000; 
4) 16,000; 5) 20,000. 

Fig .  2. Dimensionless  tangential s t r e s s  at  the in terface  of var ious 
Reynolds numbers  of the gas and liquid. The notation is the same 
as in Fig.  1. 

method was used to measure  the thickness of the liquid film for various ranges .  In addition, the average 
thickness of the film in the tube was est imated for specified liquid and gas flow ra tes  by using specisl  high- 
speed shut-off  valves .  The average phase velocity was calculated f rom the measured flow ra t e s .  

On the bas is  of the p ressu re  gradients  determined experimental ly,  we calculated the tangential s t r e s s  
at the walt and at the in ter face .  Figure t shows the tangential s t r e s s  at the wall as a function of the R e y -  
nolds number of the gas .  The dimensionless  fr ict ional  s t r e ss  in Fig.  1 was determined f rom 

"~o = ~o/Plg~. (5) 

Here the tangential s t r e s s  at  the wall of the two-phase flow is divided by the s t r e s s  corresponding to 
the liquid film of the same thickness draining under the influence of gravi ty ,  The experimental  resu l t s  
show that for Reynolds numbers  of the gas flow below 6000 the influence of this flow on the hydrodynamic 
charac te r i s t i c s  of the turbulent film flow is ex t remely  slight. For this reason,  the values of the dimen-  
sionless tangential s t r e s s  ~0" in Fig.  1 are  approximately equal to one at Re 2 <- 6000, For  Re 2 > 6000, the 
function ~-~' =f{Re2) becomes s t ronger .  At Re 2 > 14000 this dependence is observed to be governed by the 
Reynolds number of the liquid; this effect  becomes  more  appreciable as the Reynolds number of the gas 
is increased .  At a fixed gas flow rate,  re la t ively large numbers  Re correspond to relat ively small values 
of the dimensionless  frict ional s t r e s s .  This c i rcumstance  is related to the large  (in compar ison with the 
p ressu re  gradient) increment  in the quantity pig6 due to the increase  in the film thickness as the Reynolds 
number of the liquid is increased .  The dependence shown in Fig.  1 is quite complicated; it can be approxi-  

mated by 

x~ = exp [(0,943- 10-' - -  3.56.10-14t~e~) t~e~ ~- (1,83- 10-1~ - -  0.373)]. (6) 

In a two-phase annular flow the gas has a velocity gradient  due to frict ion of the gas with the liquid 
film, and it has a flow velocity high in comparison with that of the liquid. The magnitude of the velocity 
gradient  depends on the nature of the induced gas flow and the flow rate  of the film at the interface; this 
gradient  determines  the tangential s t r e s s  at the interface.  The gradient depends not onlyon the kinetic 
energy of the ga s, but also on the roughness pa r ame te r s  of the film, related to the cha rac te r i s t i c  dimensions 
of the waves.  Fu r the rmore ,  we cannot neglect  the fact  that the interfacial  fr ict ion at the interface is a lso 
governed by turbulent pulsations.  On the basis  of these observations,  it could b.e suggested that the f r i c -  
tion at the interface is governed p r imar i ly  by the Reynolds numbers  of the two phases .  
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Fig.  3. Average film thickness as a 
function of the Reynolds number of the 
film for various tangential s t r e s ses  at 
the interface.  1) z 6 .  =5; 2) 10; 3) 30; 
4) 50; 5) 100. The points are  exper i -  
mental [8] for T~ =41-61.  

Figure 2 shows the calculated dimensionless frictional s t ress  a t t h e  interface for various values of . 
the Reynolds numbers  of the gas and liquid. The dimensionless tangential s t ress  shown in this figure was 
determined f rom 

~; = .% (p~g~p)-U3. (7) 

The dependences shown in Fig.  2 are  described by 

* 9 0 75 v6---- 1.35.10- ReF Re~ "7~, (8) 

f rom which we see that the surface fr ict ion in the two-phase annular flow is largely governed by the kinetic 
energy of the gas .  The magnitude of the surface fr ict ion depends on the gas velocity, ra ised to the same 
power as  in the dependence of the frictional loss determined for the case of the motion of a single gas in a 
tube; i . e . ,  the fr ict ional  s t ress  is proport ional  to v~'75 

A compar ison with experimental  data can tell us how well Eqs .  (3) and (4) give the tangential s t ress  
at  the wall and at  the interface.  There  is essential ly no experimental  information available f rom direc t  
measuremen t s  of the tangential s t r e s ses  in turbulent, annular, two-phase flows; the best  we can do is make 
an indirect  comparison of these dependences with experiment,  for example, on the basis  of the thickness 
of the liquid f i lm.  

Figure 3 shows the dimensionless average film thickness as a function of the Reynolds number of 
the liquid for various values of the frictional s t ress  at the free surface of the f i lm.  Since there are  no 
other data available on the average film thickness for conditions corresponding to the present  experiments,  
we used the theoret ical  resu l t s  of Dukler [6] for a comparison (the dashed lines in Fig.  3). These resul ts  
have been confirmed experimental ly  [7, 8]. As a pa ramete r  we choose the dimensionless s t ress  determined 
f rom Eq.  (7). As we see from this figure,  these data agree within 15% over the range of Re 1 studied. F u r -  
thermore ,  our resu l t s . agree  qualitatively with the data of [5], but we cannot make the co~'responding com-  
parison because of the difference between the definitions of the Reynolds number of the liquid phase.  

The dependence of the film thickness on the Reynolds number of the film and on the surface frictional 
s t r e ss  shown in Fig.  3 can be described by 

: o,~,~6 ~cl 6 - ~  ( 9 )  

Equation (9) is a bit awkward to work with, so we can hardly use the values of the frict ion at the in- 
terface as a governing pa ramete r  for the film thickness as  in [6, 9 ] .  The simplest  and most  convenient 
approach in pract ice  is to use the average  film thickness as a function of the Reynolds numbers  of both 
phases .  

We note in conclusion that these resu l t s  hold only for the ranges  of Re 1 and Re 2 considered here,  in 
which there is a purely film flow, without rupture or entr_ainment of drops .  

N O T A  TI  ON 

x, r ,  longitudinal and t r ansve r se  coordinates,  respect ively;  R, tube radius; e = R - - r ,  variable;  
P, p res su re ;  v, velocity; p, density; g, accelera t ion due to gravity;  5, film thickness; p, dynamic viscosity~ 
T 0, 75, tangential s t r e s se s  at  the wall and at the interface,  respect ively;  i =1, liquid component; i =2, gas; 
Re I =4v~fplp~-l; Re 2 =2Rv2p2~21; 6"--~gI/3/3{//3121"2/3. 
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